A metastable atomic level can be rendered unstable in a controllable way by coupling it to a decaying state. In this work we carry out a full dynamical analysis of the Zeno effect in this kind of unstable systems, comparing it to the inhibition of purely coherent Rabi oscillations. Simple and experimentally feasible measuring strategies involving three atomic levels are considered. It is shown that this induced decay is actually an example of a partial Zeno effect so that the observed evolution results from the competition of two Zeno effects. We also show that a three-level scheme can display both coherent, incoherent, and anti-Zeno effects.
I. INTRODUCTION
The Zeno effect was originally introduced as the inhibition of the irreversible decay of an unstable system caused by frequent enough observation ͓1͔. Since then, this quantum phenomenon has found modifications and extensions such as the anti-Zeno ͓2,3͔ and the inverse-Zeno ͓4͔ effects, for example.
Despite its original definition, most of the theoretical and experimental efforts have focused on the inhibition of coherent reversible processes such as the Rabi oscillation in twolevel atoms as the most remarkable example ͑we will refer to this as the coherent Zeno effect͒ ͓5-7͔. This is natural since closed systems are simpler than open ones. As a matter of fact, the practical implementation of this effect in decaying systems ͑we will refer to it as the incoherent Zeno effect͒ encounters difficulties and is very hard to observe ͑neverthe-less, an experimental observation has been already reported in Ref. ͓8͔͒. The difficulties arise because in order to stop the evolution the measurement must be performed during the initial stages of the decay, when the population still decreases quadratically with time. This is the period suitable for the Zeno effect. After this short-time interval the decay enters the exponential regime where no Zeno effect occurs. For most practical situations the initial stage of the evolution sensitive to measurement occurs so fast that extremely precise measurements would be required to stop the dynamics.
In order to overcome this difficulty it has been proposed to engineer the decay of an otherwise stable atomic level ͓9͔. This consists of coherently coupling the stable state to a decaying one. Thus, the previously stable state becomes unstable. The key point is that the decaying parameters can be tailored. In particular this allows us to prolong the initial stage of the decay where the population decreases quadratically with time. This idea can be regarded as an example of reservoir engineering ͓10͔ and from now on we will refer to it as engineered decay.
It might be questioned whether engineered decay actually fits the original definition of the Zeno effect. This is because the initial stage of the evolution is a coherent Rabi oscillation. Therefore, it might be argued that these arrangements are no more than particular examples of the coherent Zeno effect.
The purpose of this work is to study these points in some detail looking for similarities and differences between the Zeno effect in engineered decay and in purely coherent evolutions. For the sake of clarity we focus on a feasible arrangement with three atomic levels in the V configuration which has been already used to demonstrate the coherent Zeno effect ͓5͔. This choice has several advantages. It has been throughly studied, so its analysis can benefit from previous works ͓11-23͔ throwing new findings into relief. No less important is that the possibility of an experimental implementation is granted ͓5,14͔. We will also show that for some parameter regime this same scheme provides an accessible simple example of an anti-Zeno effect, i.e., the speeding up of evolution caused by observation ͓2,3͔. In order to accomplish these objectives we find and solve the evolution equations for the density matrix of the system, including the engineered decay and the continuous monitoring of the population of the initial state. This dynamical description is expressed by means of Bloch equations.
It must be noted that in this context the density matrix represents ensembles of independent systems that are observed simultaneously ͑or the average of repeated observations of a single system͒. This was actually the practical situation in the experiments reported in Refs. ͓5-7͔. A relevant feature of this ensemble approach is that the evolution can be understood in common dynamical terms without ever resorting to controversial items such as the state reduction ͓12,13,15,18,24͔. This is because the equations of motion for the system are obtained after discarding all the information provided by the apparatus. The evolution is then independent of the measurement results ͑nonselective evolution͒.
This approach has been criticized by arguing that the apparent divorce from measurement and state reduction veils the quantum microscopic origin of the effect ͓7,16,19-21͔. On the other hand, the evolution of individual systems under the effect of measurement has been examined, both theoretically ͓13,16,20,22͔ and experimentally ͓21͔. Such an approach may be regarded as being closer to the original idea of the Zeno effect since the state of the system depends on the random outcomes of the measurement ͑selective evolution͒. It has been shown that for suitable parameter regimes the statistics of the results ͑usually in the form of random jumps ͓14͔͒ embody the signature of state reductions caused *Electronic address: alluis@eucmax.sim.ucm.es by measurement. It is worth pointing out that during the whole process the system is always in a pure state that depends on the history of the observed outcomes ͑quantum trajectory͒.
These two approaches are not independent. The average of many quantum trajectories tends to the solution of the Bloch equations. Also, the density matrix and the quantum trajectories would coincide exactly ͑without involving any averaging͒ in the ideal limit of a perfect Zeno effect. In such a case the system is always in the initial state with full certainty. Thus, the density matrix can be regarded as a coarsegrained following of the process avoiding the randomness of single runs. Because of this, the approach followed in this work can be a useful tool to examine whether the evolution is globally impeded or not by the observation by using common ideas in the context of an atom-field interaction.
In Sec. II we discuss the engineering of the decay of a metastable system and the evolution equations that govern it. In Sec. III we consider two different strategies to monitor the decay. We also find the way the observation affects the evolution equations. In Sec. IV we discuss the appearance of the Zeno effect, analyzing the similarities and differences with the purely coherent Zeno effect. In Sec. V we find the conditions under which the anti-Zeno effect can occur. Finally in Sec. VI we compare the approach followed in this work ͑based on the Bloch equations͒ to a different strategy based on the quantum trajectories.
II. ENGINEERED DECAY
In Fig. 1 we illustrate the three-level scheme in the V configuration that will lead to the engineered decay of a given metastable level ͉1͘. The state ͉1͘ is coupled to level ͉0͘ by a resonant laser field. On the other hand, the state ͉0͘ is also coupled by another resonant laser field to level ͉2͘. This level ͉2͘ is unstable and decays to ͉0͘ at rate A 2 . This arrangement actually coincides with one of the examples of tailored decay analyzed in Ref. ͓9͔. Moreover, it is worth noting that this is also the arrangement used to demonstrate the coherent Zeno effect ͓5͔. In what follows, for numerical evaluations we will use realistic parameter regimes agreeing with the experimental ones used in Ref.
The unobserved evolution of the three-level system is given by the master equation ͑in the interaction picture and units in which បϭ1)
where is the density matrix and
͑2.2͒
where ⍀ 1 and ⍀ 2 are the Rabi frequencies for the corresponding transitions. This three-level dynamics has been well studied in different parameter regimes ͓11-15͔. Here we will focus on the case A 2 ,⍀ 2 ӷ⍀ 1 . This condition introduces two time scales that allow us remove rapid transients invisible in the coarse-grained time scale of interest. In such a case the equations of motion can be simplified by considering that the faster variables ͑essentially the variables associated with the transition ͉0͘↔͉2͘) are always in their steadystate values that adiabatically follow the slower evolution of the rest of variables. As can be seen in Ref.
͓11͔ this procedure leads to the following closed set of equations for the variables associated with the transition ͉0͘↔͉1͘
where Pϭ͗1͉͉1͘ is the population of level ͉1͘, the variables u, v are defined by
and the parameter ␥ is
If the atom is initially in the state ͉1͘ the solution to these equations is uϭ0 and
͑2.7͒
This solution demonstrates the irreversible decay of the previously metastable level ͉1͘. For example, if ⍀ 2 ӷA 2 we have lim t→ϱ PӍ0 and the system eventually leaves completely the initial state ͉1͘.
As we have mentioned above, this is an example of the idea of reservoir engineering ͓10͔. The major advantage of this strategy is that the decaying parameters can be easily controlled via the intensities of the driving fields. In particular, it is possible to control the duration of the quadratic period suitable for the Zeno effect. This period lasts as long as Ϯ tӶ1 ͑provided that ϩ Ϫ 0) and its duration depends on the Rabi frequencies ⍀ 1 , ⍀ 2 . When Ϯ tӶ1 the survival probability can be approximated by
As we might have anticipated, the evolution during this initial stage solely depends on the Rabi frequency associated with the coherent ͉1͘↔͉0͘ oscillation. For definiteness, throughout this work we will always consider the common situation A 2 ӷ⍀ 2 . In such a case the equations of motion ͑2.3͒ can be further simplified in the form
whose solutions are of the form ͑2.6͒ with
Concerning the long-time behavior, we have lim t→ϱ PӍ1/2 and when the steady state is reached the atom can be found in the initial level with 50% probability. This would be the same result of decaying into an infinite-temperature reservoir. Before continuing we recall the conditions under which this arrangement serves to demonstrate the coherent Zeno effect. It is known that the fluorescence photons emitted in the transition ͉0͘↔͉2͘ serve to detect the occurrence of the ͉1͘→͉0͘ transition ͓5,14͔. A meaningful measurement of the population of ͉1͘ is obtained provided that ␥ӷ⍀ 1 ͓13͔. In such a case we have from Eq. ͑2.10͒ that
Since ϩ ӷ Ϫ the survival probability in Eq. ͑2.6͒ can be well approximated by
In the limit of an arbitrarily accurate observation ⍀ 1 /␥→0 and P→1 for finite ⍀ 1 t. This is the coherent Zeno effect experimentally demonstrated in Ref.
͓5͔.
Let us stress that in our case the primary role of the transition ͉0͘↔͉2͘ is to produce and control the irreversible decay of the level ͉1͘. Therefore we are interested in the case in which ⍀ 1 /␥ is finite and not too close to zero so that during the time scale of the experiment there is time enough for ͉1͘ to decay. In other words, the engineered decay we are interested in is actually caused by an unsharp observation of the population of ͉1͘. This is referred to as the partial Zeno effect ͓15͔.
III. OBSERVATION OF THE DECAY
All preceding comments refer to the unobserved evolution of the three-level system. In order to test the Zeno effect it is necessary to monitor the population of ͉1͘. We will examine two different measuring strategies: pulsed and continuous.
By pulsed we mean that an ideal, instantaneous measurement is repeated at some specific instants t n ϭn␦t, where n ϭ0,1, . . . . Between measurements the system evolves freely according to the unobserved dynamics just analyzed and given by the master equation ͑2.1͒.
By continuous we mean that the measurement ͑i.e., the coupling to the apparatus͒ coexists with the system dynamics all the time. Therefore, the evolution is no longer given by Eq. ͑2.1͒ because of the continuous backaction on the system caused by the observation.
To some extent, the pulsed observation fits more with what is usually understood as a quantum measurement ͑sud-den irruption on the evolution of the system͒. On the other hand, the continuous observation allows us to obtain analytical formulas supporting a throughout analysis of these phenomena.
A. Pulsed observation
We begin by considering the pulsed observation. For simplicity we assume that during the measurements the decay of ͉1͘ is switched off. As a matter of fact, this can be easily achieved simply by switching off the field driving the ͉0͘↔͉1͘ transition (⍀ 1 ϭ0). This is another advantage of engineered decay which is not allowed for natural decaying systems. We further assume that the measurements are fully efficient and accurate so that a complete effective reduction of the measured system takes place. This implies that the observed survival probability P is given by P͑t n ͒ϭ͓ P͑␦t ͔͒ n .
͑3.1͒
More specifically, this is the probability that all the n measurements ͑not only the last one͒ give that the atomic state is ͉1͘.
Concerning the practical implementations of this strategy we note that the very same three-level structure in Fig. 1 can accommodate it without involving additional apparatus. After a period ␦t of unobserved evolution the measurement begins by switching off the laser field driving the ͉0͘↔͉1͘ transition (⍀ 1 ϭ0). The Rabi frequency ⍀ 2 might be also varied if necessary. Then one waits for the appearance ͑or not͒ of fluorescence photons from the ͉0͘↔͉2͘ transition. The wait must last enough so that it is clear that such photons have appeared ͑the system was certainly not in ͉1͘) or that they will never appear ͑the system is certainly in ͉1͘). The waiting time depends on ⍀ 2 and A 2 . After this measurement stage, the original values of ⍀ 1 , ⍀ 2 are resumed. The unobserved dynamics is recovered during another time interval ␦t, until a new measurement begins, and so on.
We think it is worth noting that the transition ͉0͘↔͉2͘ can serve alternatively for two different purposes: decay engineering and measurement.
B. Continuous observation
In this case the original evolution and the measurement are not separated in time and both coexist during the whole process. This means that the evolution equations for the system are necessarily altered since they must accommodate the effect of the measurement.
The continuous observation of the population of level ͉1͘ can be suitably taken into account by adding a new term to the master equation ͑2.1͒,
where ⌫ is a parameter representing the time resolution of the observation. As a matter of fact, it has been shown that pulsed and continuous observations lead to similar results when ␦tϭ4/⌫ ͓17͔.
The continuous measurement can be easily implemented by coupling ͉1͘ to an auxiliary decaying level and detecting the possible emission of photons when the auxiliary level decays ͓5,14͔. It has been shown in Ref. ͓13͔ that such state detection is suitably described by the additional term in Eq.
͑3.2͒.
This modification of the master equation leads to an additional term of the form Ϫ⌫͗ j͉͉k͘/2 in the equations of motion for the matrix elements ͗ j͉ ͉k͘ with jϭ1 or kϭ1 ͑excluding the case jϭkϭ1). The same adiabatic elimination of fast variables discussed above leads in this case to the following closed set of equations for the variables associated with the ͉1͘↔͉0͘ transition:
For the sake of simplicity we are denoting the coherences u, v in this observed case with the same symbols used for the unobserved one. As is discussed in the Introduction, in this case Pϭ͗1͉͉1͘ is the probability that the atom is in ͉1͘ irrespective of the history of the measurement outcomes. Therefore, the meaning of this survival probability is slightly different from P(t n ) in Eq. ͑3.1͒. These equations can be solved without difficulties. However, in order to gain insight we will consider the usual situation where A 2 ӷ⌫,⍀ 2 . This allows us to simplify Eq. ͑3.3͒ on the form
The solution when the initial state is ͉1͘ is given by Eqs. ͑2.6͒ with
͑3.6͒
We can appreciate that under these conditions the equations of motion for the observed system coincide with the corresponding ones for the unobserved evolution ͑2.9͒ with the only difference of replacing ␥ by ␥ϩ⌫. It is worth noting that the effects of the decaying mechanism ͑represented by ␥) and the measuring apparatus ͑represented by ⌫) are exactly the same: the randomization of the atomic-dipole phase. We can resort to the analysis carried out in Sec. II to explain why measurement and decay have the same dynamical description in this case: the decay is actually caused by a partial Zeno effect.
IV. COHERENT VERSUS INCOHERENT ZENO EFFECT
Armed with the results of the preceding sections we can analyze the occurrence of the Zeno effect in engineered decay. As we have mentioned in the Introduction, we might forecast that in order to stop the decay of ͉1͘ it would be enough to halt the coherent transition from ͉1͘ to ͉0͘. This would be supported by the short-time evolution ͑2.8͒ which only depends on ⍀ 1 . Accordingly, we would expect the Zeno effect when ⌫ӷ⍀ 1 for the continuous measurement or ⍀ 1 ␦tӶ1 for the pulsed observation, which are the condi-tions for a coherent Zeno effect.
However, this is not always the case. To show this more clearly let us consider the case ␥ӷ⌫ӷ⍀ 1 . In Fig. 2 we have represented the survival probability. It clearly shows the lack of the Zeno effect since the decay is not stopped at all. Equations ͑2.6͒ and ͑3.6͒ confirm that the evolution under continuous observation tightly follows the unobserved decay ͑2.12͒
We can see also in Fig. 2 that the result of the pulsed observation is slightly different from Eq. ͑4.1͒ since the pulsed observation gives, when ␦t→0,
͑4.2͒
This discrepancy may be ascribed to the facts that P→1/2 instead of P→0 and also that P(t n ) represents the probability that the measurement finds always the atom in the state ͉1͘. According to the preceding reasonings, the lack of the Zeno effect might be regarded as paradoxical since the measurement is frequent enough to completely stop the Rabi oscillation ͉1͘↔͉0͘. Nevertheless, this behavior can be easily explained in purely dynamical terms if we look directly at the evolution equations ͑3.5͒. If ␥ӷ⌫ the consequences of the measurement on the dynamics of the system are negligible, irrespective of the relative relation between ⍀ 1 and ⌫. In other words, the phase randomization caused by ␥ overrides the effect of ⌫.
In order to obtain the Zeno effect the arrangement must satisfy the necessary conditions ⌫,(␦t) Ϫ1 ӷ␥,⍀ 1 . For example, we can examine the regime ⌫ӷ␥ӷ⍀ 1 . In such a case we have from Eq. ͑3.6͒
so that ϩ ӷ Ϫ and the observed survival probability for the continuous observation can be well approximated by
Since ⌫ӷ␥ the observed population decays slower than the unobserved one. In Fig. 3 we have represented both the observed and unobserved populations as a function of time showing the Zeno effect.
As we can see in the evolution equations ͑3.5͒, when ⌫ ӷ␥ the randomization of the dipole phase is due solely to the measurement process. If this randomization is fast enough, i.e., ⌫ӷ⍀ 1 , the observation prevents the transition ͉1͘→͉0͘, the spontaneous decay is halted, and the atom remains at level ͉1͘.
V. ANTI-ZENO EFFECT IN ENGINEERED DECAY
In this section we show that this very same arrangement allows us to observe the so-called anti-Zeno effect. By the anti-Zeno effect we mean that the observed decay occurs faster than the unobserved one, i.e., the opposite of the Zeno effect ͓2͔.
This can occur, for example, when ⍀ 1 Ͼ␥/4. In such a case from Eqs. ͑2.6͒, ͑2.9͒, and ͑2.10͒ the unobserved survival probability is the damped oscillation
where ⍀ 1 ϭͱ⍀ 1 2 Ϫ␥ 2 /16 and ␦ϭarg(␥/4ϩi⍀ 1 ). On the other hand, the observed decay when ⌫ӷ⍀ 1 , for example, is given again by Eq. ͑4.4͒. If we compare Eqs. ͑4.4͒ and ͑5.1͒ we notice that the observation removes the oscillation and replaces the decaying constant ␥/4 by 2⍀ 1 2 /⌫. In these conditions we will have the Zeno effect when ⌫ Ͼ8A 2 (⍀ 1 /⍀ 2 ) 2 as can be checked in Fig. 4 . On the other hand, the anti-Zeno effect occurs when ⌫ Ͻ8A 2 (⍀ 1 /⍀ 2 ) 2 as can be seen in Fig. 5 : the observed population decays faster than the unobserved one. Similar results are obtained for pulsed observation replacing ⌫ by 4/␦t. This possibility of having both the Zeno and anti-Zeno effects on the same system, depending on the accuracy of the observation, agrees with the results of Ref. 
VI. DISCUSSION AND CONCLUSIONS
As we have pointed out in the Introduction, the Bloch equations used in this work represent the evolution of ensembles of independent systems that are observed simultaneously ͑or the average of repeated observations of a single system͒. On the other hand, an approach based on the evolution of individual systems may be regarded as being closer to the original idea of the Zeno effect. In this section we show explicitly that the observation of the evolution of a single atom leads us to the same conclusions obtained by means of the Bloch equations.
As we have discussed above, the engineered decay can be regarded as a partial Zeno effect. In the conditions leading to Eq. ͑3.5͒ we have that the effective atomic system is a twolevel atom ͑levels ͉0͘ and ͉1͘) that experiences a double measurement detecting the populations of ͉0͘ and ͉1͘. For the sake of simplicity, and to benefit from previous works, we can imagine that both are ideal pulsed measurements, which are repeated at rates ␥ and ⌫. For a two-level atom to measure the population of ͉1͘ is fully equivalent to measure the population of ͉0͘. Therefore we can regard the process simply as a measurement of the population of ͉0͘ repeated at rate ␥ϩ⌫.
The evolution of a single atom is a coherent oscillation interrupted by sudden jumps projecting the state onto ͉0͘ or ͉1͘, depending on the random outcome of the measurement. The outcome will form a stochastic sequence of the two possible results, ͉0͘ and ͉1͘. It has been shown that if ␥ϩ⌫ ӷ⍀ 1 the outcomes are of the form of periods containing only one of the results ͓20͔. The mean duration T of these subsequences of identical results is ͓20,23͔
͑6.1͒
The Zeno effect would occur provided that ⌫ӷ␥. For increasing ⌫ the initial period in which the initial state ͉1͘ endures becomes accordingly long in such a way that in the ideal limit ⌫→ϱ the system would remain always in the initial state ͉1͘. Summarizing, in this work we focus on the occurrence of the incoherent Zeno effect in systems with engineered decay. To this end we have solved the equations of motion for the density matrix of a system experiencing simultaneously the mechanism that renders it unstable and the effect of the continuous observation. The decay is actually inhibited by halting a coherent Rabi oscillation. However, the decaying mechanism adds additional constraints.
The analysis simplifies if we take into account that the engineered decay is actually an incomplete or partial Zeno effect. Thus, the final evolution of the system results from the competition of two potential Zeno effects. As a consequence of this equivalence we have shown that the engineered decay and the observation have exactly the same effect on the system: i.e., the randomization of the atomic-dipole phase. As a matter of fact any of them can be regarded as being the measurement or as being the decaying mechanism. The explicit solutions of the complete equations of motion have allowed us to find a parameter regime where the anti-Zeno effect occurs.
All these points have been examined in a three-level system in the V configuration. We think it is worth stressing that one and the same arrangement serves to demonstrate different and even largely opposite phenomena, such as coherent, incoherent, and anti-Zeno effects, by means of a very simple change of parameters. 
